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Abstract-The Hanson-Morse mode1 for a polyatomic gas is used to investigate heat transfer between two 
plane parallel plates. The boundary value problem is transformed into a system of integral equations which is 
then solved numerically. The dependence of heat transfer, temperature and density profiles on Knudsen 
number, internal energy, Eucken factor and collision relaxation number is studied. Results are compared with 
the available experimental data on nitrogen and some previously reported variational results on heat transfer. 

1. INTRODUCTION 

THERE HAS been considerable interest in the problem of 
heat conduction through rarefied gases. Although the 
kinetic theory of plane heat conduction in monatomic 

gases has been investigated extensively [l-5], the 
corresponding problem for polyatomic gases has 
received less attention. The available work includes the 
variational results on parallel plate heat transfer by Hsu 
and Morse [6-S] and Cipolla [9], and experimental 
work by Teagan and Springer [lo]. 

Hsu and Morse used the Hanson-Morse kinetic 
model equation [11] with a boundary condition 
expressed in terms oftranslational and internal thermal 
accommodation coefficients. They converted the 
problem to an integral equation and obtained heat 
transfer rates by use of a variational technique. The 
authors reported good agreement with the experi- 
mental data of Teagan and Springer. Since Teagan and 
Springer had also reported results for density profiles, 
Hsu and Morse attempted to make some comparisons 
for these also by using estimates based on trial functions 
of the variational approach. These comparisons 
showed disagreement, which is not surprising as the 
variational technique is not suitable for providing 
estimates of density profiles. 

Cipolla used a variational technique based on the 
integro-differential form of the linearized Wang 

Chang-Uhlenbeck equation. He obtained an algebraic 
expression for the normalized heat transfer between 
parallel plates. This expression has correct limiting 
forms (continuum and free molecule) and the heat 

transfer rate can be computed easily for arbitrary 
Knudsen number. 

Theexperimental results on heat transfer and density 
distribution measurements between parallel plates are 
due to Teagan and Springer [lo], who used argon and 
nitrogen as test gases. The density profile of each gas 
was determined by measuring the luminescence 
produced by the passage of a narrow, constant current 
beam of high energy electrons through the test gases. 
The heat transfer between the plates was determined by 
measuring the total electrical power input into the hot 

plate heating element after steady-state condition had 
been reached. The thermal accommodation coefficients 
were determined from heat transfer measurements 
made at low pressure (free moleculecondition), with the 
assumption of equal and uniform accommodation 
coefficients for hot and cold plates. 

In this paper, the kinetic boundary value problem of 

heat transfer between parallel plates is considered. We 
use the Hanson-Morse kinetic model equation, as 

given by Hsu and Morse [7] and Cipolla [9]. We 
convert the relevant integro-differential equation with 
the associated boundary conditions into a system of 
integral equations, which is then solved by a 
straightforward numerical technique [12-151. This 
enables us to verify the accuracy of the variational 
results, and also provides accurate results for density 
and temperature distributions. 

Our results are in good agreement with those of Hsu 

and Morse. Good agreement with experimental values 
of Teagan and Springer is also obtained provided 
certain choices of parameters are made. The present 
results are generally in good agreement with Cipolla’s 
variational results, but for some combinations of 
parameters certain disagreements are noted. 

2. FORMULATION OF THE PROBLEM 

2.1. Wang Chang-Uhlenbeck equation 
For polyatomic gases the molecules are treated semi- 

quantum mechanically in the sense that the internal 

energy of the particles is quantized, but the 
translational energy is treated classically. To each 
internal quantum state with internal energy Ei, is 
assigned a velocity distribution functionf;,. The spatial 
and temporal evolution off due to collision as given by 
Wang Chang et al. [ 161 is described by : 
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NOMENCLATURE 

dimensionless molecular velocity, 
f(2RTo)-“’ 
internal specific heat per molecule 
total specific heat, (3/2)k+ck 
internal energy of level i (dimensional) 
molecular velocity distribution for 
particles in level i 
absolute Maxwell-Boltzmann 
distribution 

wall temperature and temperature at 

total Eucken number 
dimensional relative velocity 

x = 0, respectively 

dimensionless internal specific heat, 
c;lk 
perturbation of distribution 
dimensional scattering cross-section 
Boltzmann constant 
mean free path 
molecular mass 
number density at x = 0 

total heat flux in x direction 
free molecule heat flux in x direction 
translational heat flux in x direction 
internal heat flux in x direction 
partition function, 1 exp (- EJkT) 
gas constant 

total temperature 
translational and internal temperature, 
respectively 
perturbed translational and internal 
temperature, respectively 
spatial coordinate 
dimensionless coordinate 
perpendicular to the plates 
collision relaxation number. 

Greek symbols 

L 

c(,~, ain, thermal accommodation coefficients 

0 

for translational and internal energy, 
respectively 

6 inverse Knudsen number 

&i dimensionless internal energy 

; 

collisional scattering angle 
molecular velocity (dimensional) 

P gas density 

6 perturbed gas density 
r temperature perturbation, I( T, - T)/T,I 

5 relaxation time for the internal degree 
of freedom 

inverse of the total collision frequency 
solid angle of scattering. 

where tildes denote dimensional quantities, and in 
standard notation: i is the relative velocity before 
collision, if7 is the collision cross section, and fks 
denotes f,(c) where primes indicate post-collisional 
quantities. 

The steady-state form of equation (1) can be 
linearized by considering 1;: to be a small deviation from 
the Maxwell-Boltzmann distribution foi such that : 

fi = foi(l fh,), and IhiJ CC 1 (2) 

where 

foi = ~,(~RRT,)-~/~Q;~ exp ( -c2 -Ed) (3) 

and 

t2 &i=s, Qo=Cexp(-s,), cz=-. 
0 2RTo 

Here h is a measure of the perturbation on the 
distribution function from the local Maxwellian, no is 
the number density and R is the gas constant. 

Substitution of equation (2) into the steady-state 
form of (1) results in the following : 

f.; = n,Lh (4) 

Lh = 1 
exp(-c,Z--sj) 

jkm QoP 

x [h;+h:,- hi-hj,]9’~;~ do dc,. (5) 

2.2. Kinetic model and the associated boundary 
conditions 

Consider a polyatomic gas confined between 
two parallel, stationary plates in the planes x = 
*6/2 with the temperature T,? = T,(l T r), where 
z = AT/T, << 1. Neglecting variations in the directions 
parallel to the plates leads to the one-dimensional 
equation : 

cxg = Lh XE(-b/2,6/2) 

h+ = ho+Ah- x = -6/2sgnc, (7) 

where distance is measured in units ofa mean free path 1, 
and 6 = dJ1 is an inverse Knudsen number. In the 
collision term L, @ is nondimensionalized by no 
(2RT,)- 1/2.Theconstantsn,and T,arechosen to be the 
density and temperature of the gas at x = 0. We will 
assume that the perturbed distribution emitted from 
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the wall may be written as [9] : 

h: = y + q,(c’ - 2) + q& - G) 

x= -6/2sgnc, 

where y, rtr, rin, are expressed as : 

Y = (1, h-1 

Ttr = ZC$, + [( 1 - 4/2](C” - 2, h -) 

Tini = rCLrnr+(l -cQ~)(~/G)(E~-G,K) 

where 

(8) 

(9) 

(10) 

(11) 

(f,U = 7; s dc’ 
c,.;< 0 

X 
exp(-c”--Ej) 

Qo 
Ic’*lilfh-(-6/2,c’,&j) (12) 

and G = ci/k = Q; 1 xci exp( -sJ. The thermal 
accommodation coefficients for the internal and 
translational energy are, respectively, ain, and cl,,. 

Following Hanson and Morse [69], the operator L 
is approximated by : 

L(h) = - h(x3 c, &i) + i $,(C, &Jam(X) (13) 

where 

*1 = 1 

Ill=, 

(14) 

where p, 7;, and 7,‘,, represent density, translational and 
internal temperature, respectively. Also qtr and qint are, 

respectively, the translational and internal heat flux in 
the x direction. 

The functions (P,,, are defined as follows : 

cPl(c, &i) = l (20) 

cpz(c, Q) = c* - 3/2 (21) 

cp,(c, si) = si - G (22) 

(P4(c, &i) = cxCc2 -_(5/2)1 (23) 

c~s(e, si) = c,(si - G). (24) 

The total heat flux is expressed as : 

4 = 41, + 4iw (25) 
Further, the total temperature is defined such that 

c,T, = (3/2)kTT;,+c:T,,, (26) 

where c, = (3/2)k+ci represents the total constant 
volume specific heat of the gas. 

There are three dimensionless parameters in the 
model operator : (1) G = ci/k, where ci is the internal 
specific heat ; (2) Z, the collisional relaxation number ; 
and (3) F,, the total Eucken number. The collision 
relaxation number has been defined as : 

z = z,/z, (27) 

where 7r and z, are experimental and collision 
relaxation times. The quantity F is given by : 

F = (10/9)(G/Z)+(2G/3)(4/9+5G/9Z)+(5G/18Z2)(c,/k)F, 

(4/9 + 5G/9Z) (cdk)F, -(5/3) 
(28) 

b = (2/3)~+(3/2)1~1-(2G/3Z)i 

+(2/32)(&i-G) (15) 

h = (2/3)+(3/2)1(1/Z) 

+(1/G)(Ei-G)[1-(1/Z)] (16) 

h = (4/9)c,ccz -(5/2)1 cl -(G/Z)] 

+ CJEi - G)(2/3Z) (17) 

$5 = c,Cc’ -(5/2)1[2/(3Z)l 

+c,(E~-G)(l--)(2/G). (18) 

The moments a,(x) are expressed as : 

The ratio of heat transfer along the x axis to the 
corresponding value in free molecular condition is 
given by : 

4 
R1/2 

_=- 

4rm 276 ’ 
(29) 

where q is given by equation (25) and the quantity b is : 

b _ % ( ‘A . 
2-G 2-uint 

(30) 

3. METHOD OF SOLUTION 

Integration of equation (6) with the boundary con- 
dition given by (8) gives the following expression for hi : 

x dc s exp(-c2-ei) k(x, c, ei) = a{ [r + rrr(c’ - 2) + rrnr(sr - G)] 

Qo 
Mx, ct Ei)(Pm(Ct 4 (19) 

x exp C-(W2+4/c,l} +I(-~,){CY +Q -2) 

and they are related to macroscopic quantities of 
interest : 

+ ridEi_ G)l exp C-(6/2_X)/CxI) 

&) = P = cP(x)-P(o)l/P(o) 

a2(4 = R = C7;,(4- Tr(wT,(o) 

qx) = T”, = CL(x) - ~“1(0)1/Km 

44 = 41, 

a5(x) = 4int 

1 s x 

l/c, rl(4 ew C(x’ - x)/c,1 
-a/2 

mgl tint(C* 4am(X’) dx’ - ‘I( - cx) 

s a/2 

exp C(X -x’)/c,l i $m(C, EJam(X’) dx’ 
3 

(31) 
X Ill=1 
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where method given in refs. [12-151. The 81-point Gauss- 
Kronrod quadrature was tried once but was avoided 
on later calculations due to high computer cost and 
insignificant changes in the results. Once P,(x), Q,,,(x) 
and R,(x) are known, 7, 7tr and rint are obtained 
immediately from equation (37). 

q(x) = 1 x > 0 

r/(x) = 0 x < 0. 

Incorporation of the above expression into equation 
(19) results in the following system ofintegral equations 
for a, : 

am(x) = YsJx) + rtrJm(x) + tintLm(X) 

+ i 

s 

K,,,j(x, x’)aj(x’) dx’ (32) 
j=l 

where S,(x), J,,,(x), L,(x) and K,j(x, x’) are given in the 
Appendix. The functions a,,,(x) can be written as : 

a,(x) = yP,(x)+t,,Q,(x)+zi",R,(x) (33) 

where 

I 

612 5 

P,(x) = hi(x)+ _ a,2 jgI K&x, x’)Ej(x’) dx’ (34) 

612 5 
Q&4 = J&4+ 

s 
_6,2 jzl Kmj(x~x')Qj(x')dx' (33 

612 5 

R,,,(x) = h,,(x) + 
I 

_ 6,2 jzI K&x, x’)Rj(x’) dx’. (36) 

Using equations (9Hll), y, t,, and tint can be 
expressed as : 

1 0 

II II 

rt, = rc-’ cl,, (37) 

Tint mint 

where elements of matrix C are given in the Appendix. 
Integral equations (34H36) were solved using a 41- 

point Gauss-Kronrod quadrature and the numerical 

4. NUMERICAL RESULTS AND 

DISCUSSION 

We have calculated heat transfer ratio, temperature 
(internal, translational and total) and density profiles 
for N,, air, CO2 and SO2 with physical parameters as 
given by Teagan and Springer and at temperatures of 
543,645 and 645 K, respectively. Tables 14 list values 
for the heat transfer ratio for CO,, air, SO, and N,, 
respectively, for all combinations of translational and 
internal accommodation coefficients of 0.2,0.6 and 1.0. 
Table 5 lists density and temperature (translational, 
internal and total) values of N, for inverse Knudsen 
number of 2. All numerical values are truncated at the 
fourth decimal place. The detailed results for N,, for 
which experimental data are available, are discussed 
below. 

In our numerical calculations, we have varied 6 
between 0.01 and 40. The present results for the ratio of 
heat transfer to the corresponding free-molecular 
conditions are compared with the variational results of 
Hsu and Morse [7]. The results are also compared with 
the experimental results for N, assuming values of the 
accommodation coefficients as given by Teagan and 
Springer [lo] (Fig. 1). The experimental data ofTeagan 
and Springer, which correspond to the transition 
region, are in excellent agreement with ours for small 
values of S but the differences become larger as 6 

Table 1. Heat transfer ratio q/qrm vs inverse Knudsen number (l/h) for CO, : F, = 1.629, Z = 7, G = 1.412 

l/Kn 

0.01 
0.10 
0.50 
1.00 
1.25 
1.50 
1.75 
2.00 
2.50 
3.00 
4.00 
5.00 
7.00 

10.00 
15.00 
20.00 
25.00 
30.00 
35.00 
40.00 

a,, = 0.2 a,, = 0.60 a,, = 1.0 
(ain, = 0.2,0.6, 1.0) (a,,, = 0.2,0.6, 1.0) (a,,, = 0.2,0.6, 1.0) 

0.9994 0.9977 0.9942 0.9981 0.9976 0.9948 0.9948 0.9957 0.9944 
0.9945 0.9798 0.9509 0.983 1 0.9793 0.9563 0.9558 0.9634 0.9529 
0.978 1 0.9227 0.8266 0.935 1 0.9206 0.8444 0.8436 0.8682 0.8326 
0.9615 0.8709 0.7303 0.8918 0.8666 0.7548 0.7578 0.7901 0.7359 
0.9540 0.8493 0.6940 0.8738 0.8436 0.7199 0.7259 0.7592 0.6981 
0.9468 0.8296 0.6629 0.8574 0.8223 0.6893 0.6987 0.7317 0.6650 
0.9398 0.8114 0.6356 0.8424 0.8025 0.6621 0.6751 0.7070 0.6355 
0.9331 0.7947 0.6116 0.8285 0.7840 0.6375 0.6543 0.6845 0.6089 
0.9201 0.7643 0.5706 0.8034 0.7499 0.5945 0.6191 0.6446 0.5626 
0.9076 0.7374 0.5368 0.7810 0.7191 0.5580 0.5900 0.6100 0.5234 
0.8839 0.69 11 0.4832 0.7421 0.6651 0.4984 0.5439 0.5522 0.4602 
0.8614 0.6518 0.4417 0.7084 0.6190 0.4511 0.5076 0.5052 0.4109 
0.8197 0.5872 0.3797 0.6513 0.5436 0.3798 0.4513 0.4320 0.3384 
0.7635 0.5119 0.3150 0.5816 0.4589 0.3069 0.3889 0.3545 0.267 1 
0.6828 0.4203 0.2446 0.4920 0.3621 0.2311 0.3153 0.2712 0.1963 
0.6145 0.3541 0.1984 0.4236 0.2967 0.1838 0.2633 0.2177 0.1537 
0.5558 0.3037 0.1654 0.3695 0.2493 0.1511 0.2243 0.1803 0.1251 
0.5047 0.2639 0.1407 0.3254 0.2132 0.1272 0.1939 0.1525 0.1045 
0.4597 0.2316 0.1214 0.2888 0.1847 0.1089 0.1694 0.1310 0.0890 
0.4197 0.2049 0.1059 0.2578 0.1617 0.0944 0.1493 0.1139 0.0768 
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Table 2. Heat transfer ratio q/qr, vs inverse Knudsen number (l/h) for air: F, = 1.9843, Z = 25, G = 1.1799 

l/Kn 

a,, = 0.2 
(a,,, = 0.2,0.6, 1.0) 

as = 0.60 
(a,,, = 0.2,0.6, 1.0) 

a,, = 1.0 
(aint = 0.2,0.6, 1.0) 

0.01 
0.10 
0.50 
1.00 
1.25 
1.50 
1.75 
2.00 
2.50 
3.00 
4.00 
5.00 
7.00 

10.00 
15.00 
20.00 
25.00 
30.00 
35.00 

0.9994 0.9981 0.9950 0.9980 0.9977 0.9957 0.9951 0.9954 0.9947 
0.9948 0.9834 0.9575 0.9828 0.9803 0.9638 0.9590 0.9614 0.9552 
0.9794 0.9363 0.8491 0.9349 0.9251 0.8697 0.8548 0.8623 0.8412 
0.9640 0.8927 0.7624 0.8910 0.8745 0.7922 0.7710 0.7811 0.7494 
0.9571 0.8741 0.7288 0.8723 0.8530 0.7613 0.7381 0.7488 0.7135 
0.9504 0.8570 0.6994 0.8551 0.8331 0.7340 0.7092 0.7202 0.6818 
0.9440 0.8410 0.6734 0.8391 0.8146 0.7093 0.6833 0.6944 0.6536 
0.9378 0.8261 0.6501 0.8240 0.7972 0.6869 0.6599 0.6709 0.6281 
0.9259 0.7987 0.6098 0.7961 0.7652 0.6473 0.6189 0.6294 0.5834 
0.9145 0.7740 0.5761 0.7708 0.7362 0.6131 0.5839 0.5936 0.5454 
0.8927 0.7311 0.5222 0.7260 0.6852 0.5564 0.5265 0.5340 0.4834 
0.8721 0.6945 0.4807 0.6870 0.6411 0.5106 0.4810 0.4860 0.4346 
0.8337 0.6350 0.4204 0.6216 0.5684 0.4400 0.4123 0.4123 0.3618 
0.7816 0.5673 0.3604 0.5448 0.4852 0.3655 0.3416 0.3357 0.2887 
0.7057 0.4854 0.2968 0.4513 0.3882 0.2846 0.2663 0.2549 0.2146 
0.6407 0.4241 0.2533 0.3832 0.3211 0.2315 0.2174 0.2038 0.1693 
0.5839 0.3749 0.2202 0.3309 0.2718 0.1937 0.1823 0.1683 0.1386 
0.5338 0.3341 0.1936 0.2892 0.2338 0.1651 0.1558 0.1422 0.1163 
0.4893 0.2995 0.1716 0.2551 0.2036 0.1428 0.1350 0.1221 0.0993 
0.4494 0.2698 0.1531 0.2266 0.1790 0.1248 0.1182 0.1061 0.0859 

increases. It should be noted that an extensive 
comparison between our results and experimental 
values is not possible due to insufficient experimental 
data, experimental errors and, in particular, inaccuracy 
involved in evaluation of accommodation coefficients 
which could significantly influence the comparison 
between theory and experiment. 

We have, however, used Cipolla’s [9] variational 
formulation for heat transfer through a polyatomic gas 
between parallel plates to obtain numerical results for 
comparison purposes. His variational results are in 
good agreement with ours, but for certain combi- 

nations of accommodation coefficients the variational 
results oscillate beyond reasonable values. The reasons 
for this are under investigation. 

The results for N, density distribution obtained by 
the present method and experimental values for values 
of 6 = 2.58,5.62,11.25 and 15.5 as given by Teagan and 
Springer are shown in Fig. 2. It is interesting to note that 
the density profile obtained by the present method 
tends to fit a straight line up to a certain distance from 
the center line and deviates from this line as it 
approaches the plate. The point of deviation gets 
farther away from the center line and closer to the plate 

Table 3. Heat transfer ratio q/qrm vs inverse Knudsen number (l/C) for SO, : F, = 1.5838, Z = 25, G = 3.6124 

l/h 
a,, = 0.2 

(a,,, = 0.2,0.6, 1.0) 
a,c = 0.60 

(a,,, = 0.2,0.6, 1.0) 
a,, = 1.0 

(a,,, = 0.2,0.6, 1.0) 

0.01 0.9994 0.9976 0.9942 0.9982 0.9976 0.9947 0.9954 0.9959 0.9943 
0.10 0.9944 0.9794 0.9508 0.9848 0.9788 0.9549 0.9614 0.9654 0.9518 
0.50 0.9775 0.9206 0.8248 0.9417 0.9185 0.8387 0.8628 0.8744 0.8287 
1.00 0.9603 0.8663 0.7251 0.9019 0.8630 0.7452 0.7837 0.7979 0.7300 
1.25 0.9525 0.8432 0.6868 0.8848 0.8393 0.7088 0.7529 0.7671 0.6917 
1.50 0.945 1 0.8221 0.6537 0.8691 0.8175 0.6769 0.7259 0.7395 0.6581 
1.75 0.9379 0.8025 0.6244 0.8545 0.7973 0.6486 0.7018 0.7146 0.6282 
2.00 0.9309 0.7843 0.5984 0.8407 0.7783 0.6230 0.6801 0.6917 0.6014 
2.50 0.9174 0.7511 0.5538 0.8153 0.7435 0.5788 0.6423 0.6510 0.5548 
3.00 0.9045 0.7216 0.5168 0.7921 0.7121 0.5413 0.6103 0.6156 0.5156 
4.00 0.8800 0.6709 0.4585 0.7511 0.6575 0.4809 0.5581 0.5562 0.4524 
5.00 0.8570 0.6286 0.4144 0.7153 0.6110 0.4337 0.5168 0.5079 0.4034 
7.00 0.8144 0.5609 0.3510 0.6548 0.5354 0.3637 0.4540 0.4330 0.3317 

10.00 0.7573 0.4859 0.2891 0.5825 0.4511 0.2935 0.3877 0.3542 0.2615 
15.00 0.6759 0.3984 0.2251 0.4914 0.3554 0.2212 0.3133 0.2702 0.1919 
20.00 0.6075 0.3362 0.1837 0.4227 0.2909 0.1762 0.2618 0.2166 0.1502 
25.00 0.5488 0.2888 0.1540 0.3685 0.2443 0.1451 0.2233 0.1791 0.1223 
30.00 0.4978 0.2513 0.1315 0.3245 0.2088 0.1223 0.1932 0.1514 0.1022 
35.00 0.4530 0.2209 0.1138 0.2879 0.1809 0.1047 0.1690 0.1300 0.0869 
40.00 0.4133 0.1955 0.0995 0.2570 0.1583 0.0908 0.1491 0.1130 0.0750 
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Table 4. Heat transfer ratio q/qr,,, vs inverse Knudsen number (l/h) for N, : F, = 1.96, Z = 5.08, G = 1.0 

t(*, = 0.2 a,, = 0.60 a,, = 1.0 
l/Kn (aint = 0.2,0.6, 1.0) (ainl = 0.2,0.6, 1.0) (ain, = 0.2,0.6, 1.0) 

0.01 0.9994 0.9981 0.9947 0.9979 0.9977 0.9958 0.9948 0.9952 0.9947 
0.10 0.9948 0.9832 0.9553 0.9817 0.9801 0.9640 0.9560 0.9595 0.9549 
0.50 0.9792 0.9353 0.8421 0.9303 0.9244 0.8708 0.8441 0.8557 0.8398 
1.00 0.9636 0.8919 0.7552 0.8837 0.8732 0.7946 0.7558 0.7715 0.7472 
1.25 0.9566 0.8738 0.7227 0.8640 0.8515 0.7646 0.7218 0.7384 0.7109 
1.50 0.9499 0.8574 0.6949 0.8460 0.8314 0.7380 0.6923 0.7091 0.6790 
1.75 0.9434 0.8423 0.6709 0.8293 0.8127 0.7140 0.6662 0.6829 0.6505 
2.00 0.9371 0.8284 0.6497 0.8138 0.7951 0.6923 0.6429 0.6591 0.6248 
2.50 0.9250 0.8034 0.6141 0.7854 0.7628 0.6540 0.6026 0.6172 0.5799 
3.00 0.9134 0.7813 0.5850 0.7599 0.7335 0.6208 0.5686 0.5811 0.5416 
4.00 0.8914 0.7435 0.5398 0.7151 0.6819 0.5656 0.5138 0.5216 0.4794 
5.00 0.8706 0.7116 0.5053 0.6765 0.6376 0.5207 0.4706 0.4738 0.4305 
7.00 0.8317 0.6588 0.4538 0.6118 0.5643 0.4505 0.4049 0.4009 0.3576 

10.00 0.7789 0.5953 0.3979 0.5353 0.4808 0.3750 0.3356 0.3253 0.2848 
15.00 0.7021 0.5125 0.3308 0.4412 0.3836 0.2918 0.2602 0.2460 0.2112 
20.00 0.6364 0.4476 0.2817 0.3728 0.3168 0.2370 0.2108 0.1961 0.1664 
25.00 0.5792 0.3950 0.2436 0.3205 0.2677 0.1979 0.1757 0.1617 0.1360 
30.00 0.5289 0.3514 0.2132 0.2791 0.2300 0.1685 0.1494 0.1363 0.1141 
35.00 0.4842 0.3145 0.1882 0.2455 0.2002 0.1456 0.1290 0.1169 0.0974 
40.00 0.4443 0.2829 0.1674 0.2176 0.1759 0.1272 0.1126 0.1015 0.0842 
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FIG. 1. Heat transfer ratio vs inverse Knudsen number. Present work -; (A) ain, = 1, a,, = 1, Z = 5.94, 
F, = 1.96, G = 1. Hsu and Morse variational result, 0 ; (B) ain, = 0.5, a,, = 0.75, Z = 5.94, F, = 1.96, G = 1. 
Hsu and Morse variational result, 0 ; (C) ain, = 0.76, a,, = 0.76, Z = 5.08, F, = 1.96, G = 1. Teagan and 

Springer experimental data, A. 
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la 
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NONDIMENSIONAL DISTANCE I 

FIG. 2. Perturbed density profile for N, with a,“, = 0.76, a,, = 0.76, Z = 5.08, F, = 1.96, G = 1. Present 
work -; Teagan and Springer experimental data: (A) 6 = 2.58, 0 ; (B) 6 = 5.6, 0 ; (C) 6 = 11.25, A; 

(D) 6 = 15.5, 0 

as 6 increases. On the other hand, the experimental In conclusion our work has been effective in 
values exhibit more or less a straight line profile establishing the usefulness of the Hanson-Morse 
through the whole range. Unfortunately, the experi- kinetic model for the problem of plane heat transfer in 
mental data are too few and none near the plate to draw polyatomic gases. Future work will be directed toward 
any firm conclusion from the comparison. The agree- extension to heat transfer in cylindrical and spherical 
ment, however, is quite good. geometries. 

Table 5. Nitrogen temperature and density for inverse 
Knudsen number (l/Q) of 2: a,, = 1, ain, = 1, F, = 1.96, 

Z = 5.08, G = 1 

x P 

-0.9989 -0.4475 
-0.9931 - 0.4399 
-0.9815 - 0.4279 
-0.9640 -0.4130 
-0.9408 -0.3960 
-0.9122 - 0.3775 
-0.8783 -0.3576 
-0.8391 -0.3364 
-0.7950 -0.3143 
-0.7463 -0.2912 
- 0.6932 -0.2674 
-0.6361 - 0.2427 
-0.5751 -0.2175 
-0.5109 -0.1916 
-0.4436 -0.1652 
-0.3737 -0.1384 
-0.3016 -0.1112 
- 0.2278 -0.0836 
-0.1526 - 0.0559 
- 0.0765 - 0.0280 

0.0000 0.0000 

ii;r T., 

0.7448 0.5094 
0.7323 0.5010 
0.7125 0.4877 
0.6876 0.4708 
0.6591 0.4516 
0.6278 0.4304 
0.5942 0.4076 
0.5585 0.3833 
0.5212 0.3579 
0.4824 0.3314 
0.4423 0.3041 
0.4012 0.2759 
0.3590 0.2470 
0.3160 0.2175 
0.2722 0.1875 
0.2278 0.1569 
0.1829 0.1260 
0.1375 0.0948 
0.0919 0.0633 
0.0460 0.0317 
0.0000 0.0000 

0.6507 
0.6398 
0.6226 
0.6009 
0.5761 
0.5489 
0.5195 
0.4884 
0.4559 
0.4220 
0.3870 
0.3511 
0.3142 
0.2766 
0.2383 
0.1995 
0.1601 
0.1204 
0.0804 
0.0403 
0.0000 
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APPENDIX 

The expressions S,(x), J,(x), L,(x) and K,,,j(x, x’) are given 
as follows : 

where 

Lb4 = r.(%dG Eih VI (~41) 

J,(x) = C(cp”(C, 4 (c2 -WI 642) 

&n(x) = C(~m(c> EJt (~i-G))l 643) 

[(cp, ‘I’)] = 1 
f 

de exp;;$ei’ cpy{rl(cx) 

x exp C -@/2 - 4/4 - tl( - 4 exp C-@/2 - xYc,l~ 

,(x x,) = c I dcrl(c )exPC-c2-~~-lx’-xlic,)l 1 K - 
w ’ x 

Qon3’2 CX 

X $,[C, sgn (X - 4. Cr, C,, GIJIjCCx sgn (X - x’b Cyy, C,,hl. 
(A41 

After simplification, the above expressions are expressed in 

terms of Abramowitz functions : 

s 

m 
Kc4 = t” exp ( - t* -x/t) dt. (A5) 

0 

The elements of matrix C in equation (37) are defined as 
follows : 

6,2 5 

c,, = 1+2i”,@+2 
s 

_d,2 ,;, H&)P,(x)dx (A6) 

s 

82 5 

c12 = w3@)-T,m+2 _6,2 ,;, %WQmWx b47) 

s 

,312 5 
Cl3 = 2 C fL,WL(x) dx (‘48) 

-6/2 "=I 

Czl = (1-M~3(4- T,@)l+ 
s 

6,2 5 

_6,2 E, DmW’&)dx 

(A91 

C22 = 1 +U -c(,,)CT,(G)-~T,(~)+~T,(~)I 
6,2 5 

X 

s 
c ~mWQ&W (AlO) 

-612 m=1 

s a,2 5 

C23 = (1 -a,,) C Qn(x)R,(x) dx (All) 
-6,2 In=1 

GI = GWU - ai.3 

s 

a,2 5 

C ~,W’r,,(x) dx 
-612 DI= 1 

6412) 

f 

6,2 5 

G2 = (2/W -ad _6,2 m;, Fm(x)QmW dx 6413) 

G3 = 1+ W -ai,,)~A4+WG)(1 -a,,,) 

s 6,2 5 

x _6,2 .c, F,bRmWx W4) 
x 

where 

and 

Hm = CL +,(w,)l 6415) 

D, = [1,(c2 - 2k,k E,)] (‘416) 

F, = CL (6, - W,k &,)I t.417) 

(bs)=E$ I dc exp [ - C2 - Ej + (S/2 +X)/C,] 

QO 
cc*m7. 

en^<O 
w3) 

TRANSFERT THERMIQUE DANS UN GAZ POLYATOMIQUE RAREFIE-I. PLANS 
PARALLELES 

Resume-Le meddle de Hanson-Morse pour un gaz polyatomique est utilist pour ttudier le transfert 
thermique entre deux plans paralleles. Le probleme de valeur limite est transformi en un systeme d’equations 
inttgrales qui est resolu numtriquement. On examine la dtpendance des profils de transfert thennique, de 
temperature et de densitb sur le nombre de Knudsen, l’tnergie inteme, le facteur d’Eucken et le nombre de 
relaxation de collision. Les resultats sont compares a des don&s experimentales sur l’azote et a des rtsultats 

variationnels publib anterieurement sur le transfert thermique. 
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WARMEUBERTRAGUNG IN EINEM VERDUNNTEN MEHRATOMIGEN GAS-I. 
EBENEPARALLELE PLAITEN 

Znsammenfasaung-Das Hanson-Morse-Model1 fiir ein mehratomiges Gas wird benutzt, urn den 
Warmeiibergang zwischen zwei ebenen parallelen Platten zu untersuchen. Das Grenzwert-Problem wird in 
ein System von Integral-Gleichungen transformiert, das dann numerisch gel&t wird. Die Abhangigkeit des 
Warmeiibergangs, der Temperatur und des Dichteprofils von der Knudsen-Zahl, der inneren Energie, dem 
Eucken-Faktor und der Kollisions-Relaxations-Zahl wurde untersucht. Die Ergebnisse werden mit 
verfiigbaren experimentellen Daten von Stickstoff und einigen friiher veriiffentlichten Ergebnissen des 

WHrmeiibergangs verglichen. 

TEI-IJIOIIEPEHOC B PA3PEXEHHOM MHOI-OATOMHOM TA3E-I. 
l-IJIOCKOl-IAPAJIJIEJIbHbIE l-IJIACTHHbI 

AmTa~eMonenb XaucoHa-Mopse AJUI MHoroaToMHoro ra3a npHMeHneTcn “p&i H3ySetmH Tennone- 
peHoca Mexcuny AB~MSI nnocKonapannenbHb~Mu nnacTnHahfn. rpaHwiHan 3anaqa ~BOAHTCII K cwTeh4e 

HHTerpanbHMX ypaeHeHG, KoTopble 3aTeM pelualoTcn 'IHCneHHO. MccnenyeTcn 3aBHCHMOCTb Tennone- 

peHO&!a, "pO@Hnea TeM"epaTypb1 W "nOTHOCTU OT 'IHCna KHyACeHa, BHyTpeHHeii 3HeprWi, @aKTOpa 

3RKeHa H napahterpa CTOnKHOBHTenbHOfi peJlaKCaL!HH. IIonyvettubte pe3ynbTaTu CpaBHHBaiOTCS c 

HMeIO,UHMHCR 3KC"epHMeHTanbHb"dH AaHHbIMH !JJlK a30Ta H HeKOTOpblMU paHe "Ony'IeHHbIMH Bap,,a- 

~0~tib1~MeTo11ohfpe3ynbTaraMHnoTe"nonepeHocy. 


